PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA
RECEIVED: March 13, 2007

ACCEPTED: May 8, 2007
PUBLISHED: May 14, 2007

I

Chiral primaries in the Leigh-Strassler deformed N = 4
SYM — a perturbative study

Kallingalthodi Madhu and Suresh Govindarajan

Department of Physics, Indian Institute of Technology Madras,
Chennai 600036, India
E-mail: lnadhu@physics .iitm.ac. iri, lsuresh@physics .iitm.ac. id

ABSTRACT: We look for chiral primaries in the general Leigh-Strassler deformed N = 4
super Yang-Mills theory by systematically computing the planar one-loop anomalous di-
mension for single trace operators up to dimension six. The operators are organised into
representations of the trihedral group, A(27), which is a symmetry of the Lagrangian.
We find an interesting relationship between the U(1)g-charge of chiral primaries and the
representation of A(27) to which the operator belongs. Up to scaling dimension Ay = 6
(and conjecturally to all dimensions) the following holds: The planar one-loop anomalous
dimension vanishes only for operators that are in the singlet or three dimensional represen-
tations of A(27). For other operators, the vanishing of the one-loop anomalous dimension
occurs only in a sub-locus in the space of couplings.

KeEyworDS: |AdS-CFT Correspondence, Supersymmetry and Duality, Supersymmetrid

cauge theoryl.

© SISSA 2007 http://jhep.sissa.it/archive/papers/jhep052007038/jhep052007038 . pdf


mailto:madhu@physics.iitm.ac.in
mailto:suresh@physics.iitm.ac.in
http://jhep.sissa.it/stdsearch
http://jhep.sissa.it/stdsearch

Contents

.

7

2.

E =

o)

s

Introduction

Background
R.] The component Lagrangian for the LS theory
P9 Symmetries of the LS theory

Propagators

Anomalous dimension of Tr(Z{‘“ZéZ?’)”)
Cancellation of non F-term contributions
Details of the cancellation

F-term contribution

Anomalous dimension for Tr(Z;Z;)

BEEEE

Summary of results
Chiral primaries in the §-deformed theory

General Leigh-Strassler deformation
F.] Summary of results

Conclusion

LS deformed N = 4 Yang-Mills theory
A Trace formulae for SU(N)

Representations of the trihedral group, A(27)
B.1 Polynomials as irreps of A(27)

Integrals

One loop correction to scalar propagator

=

ER B =E

B B =E

1. Introduction

The AdS-CFT correspondence due to Maldacena [[]] is a concrete realisation of 't Hooft’s

proposal relating Yang-Mills (at large-N) to string theory. The correspondence relat-

ing ' = 4 supersymmetric Yang-Mills (SYM) theory to type IIB strings propagating on

AdS5 x S° has been tested in many different ways. The first tests involved matching com-

putations in the supergravity limit of the string theory and the corresponding ones in the

conformal field theory (CFT) following the proposal in [J]. Recently, it was realised that



the anomalous dimensions of operators in this theory are given by the energy spectrum of
a spin-chain [B, f].

The N = 4 theory has a high degree of symmetry and thus it is of interest to under-
stand versions with lesser symmetry. Orbifolds of this theory provide one obvious class of
CFT’s [, ]. These lead to theories which are dual to type IIB string theory propagating
on AdSs x X°, where X° are five manifolds that are orbifolds of S°. More generally, X°
must be a Sasaki-Einstein manifold. A new class of such manifolds that lead to CFT’s with
N = 1 supersymmetry have also been constructed recently. These manifolds have been
called L4 spaces — cones over these spaces are Ricci-flat non-compact six dimensional
manifolds with SU(3) holonomy and are natural generalisations of the conifold [, §]. Thus,
these are examples where both sides of the AdS-CFT correspondence are understood even
though we do not fully understand string theory on AdS spaces.

From a field theoretic perspective, Leigh and Strassler [ considered (multi-parameter)
marginal deformations of N' = 4 supersymmetric Yang-Mills theory that preserve N' = 1
supersymmetry and are conformal. We shall refer to these theories are known as the
Leigh-Strassler (LS) theories. While there have been attempts [[[]] to understand the
anticipated dual string theories for these field theories, the precise correspondence is not
known in all generality. An important development due to Lunin and Maldacena [[L1]] was
the construction of the gravity duals for the 8-deformed N/ = 4 SYM which is a sub-class in
the generalised LS family of AV = 1 theories. Rational values of 5 = m/n in the deformation
turn out to be related to (Z,, x Z,) orbifolds of S° with discrete torsion [[3-[].

The most general Leigh-Strassler N' = 1 preserving deformations of N' = 4 SYM is
given (in superfields) by the following superpotential:

. . i
W = ih Tr<e”ﬁ<1>1<1>2<1>3 - e*”%l@g@?) + % Tr<<1>§’ + @3+ <1>§> . (1.1)

The N = 4 limit occurs when h = g and 8 = ' = 0. The (3-deformed theory is obtained
when 8 # 0 and i/ = 0. For generic values of the deformations, the global symmetry of
the deformed theory is the trihedral group A(27) with its centre being a Zg sub-group of
the U(1)g symmetry. This is in contrast to the situation when X°® = L,,,, where one has
a U(1)? symmetry which is intimately related to the toric nature of these spaces.

The LS deformations are parametrised by the four couplings: ¢ (the Yang-Mills cou-
pling constant), h, h' and ¢ = ¢"™?. While these are all marginal at the classical level,
they are not all marginal in the quantum theory. However, it has been argued by Leigh
and Strassler that in a subspace of the four-dimensional space of couplings, the theory is
conformal. In particular, the vanishing the four beta functions is related to the vanishing
of the anomalous dimension of the scalars fields. The exact expression for the subspace is
not known. However, it is known to two loops and is given by

1 N2 —4
h2<1 — ——2) e -y 1.2
AP + 2le=0)7) + W 5 = 9 (1.2)
In the large N limit that we pursue in this paper, the above condition simplifies to
h/ 2
b + % =g°. (1.3)



We also choose to work with real 8 which is possible at the one-loop level. In principle,
this can be done at higher loops as well since the imaginary part of 5 can be gotten rid of
by redefining h.

Perturbative studies of the (3-deformed theory have been carried out by several au-
thors [[d-P1]. Chiral primaries of these theories are known well at least in the planar
(large-N) case [[. The ultraviolet finiteness of the S-deformed theory has been studied
in ref. P9 and a proof of its ultraviolet finiteness at the planar level has also appeared
recently [, 4.

For the general LS deformations, the anomalous dimensions for chiral operators with
low values of scaling dimension has been carried out (using super-graphs) in ref. [R1]] as well
as ref. [25). This paper focuses on a planar one-loop computation of anomalous dimensions
of single trace operators in order to systematically search for operators that are protected
in the LS theory.! In this paper, we systematically search for operators whose anomalous
dimensions vanish at planar one-loop in the LS theory. The operators are organised into
representations of A(27). We find that protected operators appear in one of the three
representations, Lo or V, depending on the value of the scaling dimension, Ay modulo
three.

The paper is organised as follows. In section two, we present some of the background
needed for the paper. In particular, we present the F-term superpotential in component
form and show that it contains double trace operators. In section three, we compute
the anomalous dimensions for operators of the form Tr(ZFZ,Z"). We present the details
of our computation as well as verify that all contributions that appear from non F-term
interactions cancel and that our results are gauge independent. In section four, we compute
the anomalous dimensions for operators up to dimension six in the -deformed theory as
a preliminary to the computing in the general Leigh-Strassler theory. We verify that the
results are consistent with expected results up to dimension six operators. In section
five which contains the main results of this paper, after organising the operators using
the trihedral group, we compute the planar one-loop anomalous dimension in the Leigh-
Strassler theory. We present our conclusions and outlook in section six. Some technical
details are relegated to the appendix for completeness.

2. Background

2.1 The component Lagrangian for the LS theory

We present here the details of the Lagrangian for the general Leigh-Strassler deformation
in component form. It turns out that unlike the N = 4 Lagrangian, this Lagrangian cannot
be written in terms of a single trace though the superfield Lagrangian is written as a single

!The planar condition simplifies things and enables us to obtain concrete results for operators with
dimensions up to six. The complexity arises from the increase in the number of operators that one has to
consider. For instance, at A9 = 6 and ) = 0, one has to consider 46 operators. It must be pointed out
that for the S-deformed theory in the planar limit, ref. [E] has obtained an integrable dilatation operator
and diagonalized it using a Bethe ansatz.



trace.2

There are some terms that can only be written as a double trace — these terms
are however suppressed by a power of 1/N but cannot be neglected in the large N limit as
we will see.

The simplest way to see the appearance of double trace operators is to consider trace

identity (for SU(N) generators in the fundamental representation):
1
Tr(AT*)Tr(BT*) = Tr(AB) — NTr(A)Tr(B) (2.1)

Notice that both F* = W /0Z% and F* = OW/0Z% are both of the form Tr(AT?) for
some A. We thus see that |F2|? cannot be written in single trace form (using the above
identity) unless the operators A and B are traceless (as in the N' = 4 limit). The F-term
interactions (involving bosonic fields) for the LS theory is given by the potential®

Vi(Z) = Tr(|h’|2212212 W2, Z5)g 202 — W[ Za, Z3), 2% — W[ 2o, Z3)4| 2o, Z},]q)
1 _ _ _ _ -
¥ [Wy? Te(Z,%) Te(Z2) + hid Tx([Za, Zs)y) Te(Z1°) — b/ Tr(Z3) Te([Za, Z3),)
—|h|? Tr([Z2, Z5)q) (T[22, Z_g]q)} + cyclic permutations (2.2)

The first line are the single trace operators while the last two lines are the double trace
operators. When b’ = 0, one can see that the double trace terms are proportional to (¢g—q)?
which vanishes when ¢ = 1. Thus the N' = 4 SYM theory does not have double trace
terms in its component Lagrangian. Note that the double trace operators also do not exist
when the gauge group is U(N). Since the D-terms are unaffected by the Leigh-Strassler
deformations to the superpotential, they are the identical to the one in the N = 4 theory
(written in terms of A/ = 1 superfields). The detailed Lagrangian is given in appendix A.

2.2 Symmetries of the LS theory

The N' = 4 SYM theory has a R-symmetry which is SU(4). In the 3-deformed theory, this
is broken down to U(1)% — each of the three scalars has charge one under only one of three
U(1)’s with U(1)r being identified with the diagonal. In the Leigh-Strassler theory, the
U(1)3 is further broken down to U(1)r x Zs3. The LS theory has another symmetry given
by the cyclic permutation Cs of the three scalar fields. This however, does not commute
with the U(1)g X Z3. The trihedral group, A(27) ~ (Z3 x Z3) X Cs, is a discrete subgroup of
SU(3) € SU(4) that captures the essential non-abelian nature. The centre of this group is
a Z3 C U(1)r. The U(1)g charge which is proportional to the scaling dimension for chiral
primaries becomes a Zs valued charge. Specifically, in our conventions, the value of the
scaling dimension, Ag, modulo three is the Z3 charge. Historically, the appearance of a 27

4

parameter non-abelian discrete subgroup was first noticed in ref. [7].* Our attention to

the appearance of the A(27) was drawn from ref. [2§] which attributed it to S. Benvenuti.

2This result is implicitly present in the work of Freedman and Giirsoy [ﬁ]

3In this paper, we denote the bosonic component of the superfield ®; by Z; and the g-deformed com-
mutator is [Z1, Z2)q = qZ1Z2 — §Z27:.

4We thank Ofer Aharony for bringing this to our notice.



We have found the trihedral group extremely useful in organising the chiral operators. For
instance, it reduced the number of free parameters for an operator at dimension six from
46 to three different operators with 26, 10 and 10 parameters.

One may ask whether A(27) remains a symmetry of the quantum theory.> As argued
by Leigh and Strassler, the full quantum effective potential will continue to be of the same
form as the classical one. In other words, quantum corrections renormalised the coefficients
h, b and 3. Thus, A(27) will remain a symmetry of the superpotential. For A(27) to be
a symmetry in the quantum theory, however it is also necessary that the Kahler potential
also respects this symmetry. The tree-level Kéhler potential does respect the symmetry
and one needs to check if this remains true at higher orders in perturbation theory. We
have not resolved this issue completely and hope to report on this in the future. Since our
one-loop computation makes use of only tree-level interactions, the use of A(27) is a valid
one.

Another useful invariance of the action is the following:
$, - Py, h— —h, 3— —LBand K — K . (2.3)

This is not a symmetry since it acts on the couplings as well. This however leads to
restrictions on the possible renormalisation of coupling constants.
2.3 Propagators

The propagators for the various fields are as follows, where Feynman gauge has been chosen
to write down the gauge propagator.

a ry a 1 a a Guv
ax ab 0Pk 0T a otk
AN = T () = oty T (2.4)

We have explicitly verified the gauge independence of our results by working in the Landau
gauge as well.

3. Anomalous dimension of Tr(ZfZ,Z1")

In N = 1 gauge theories, it is known that holomorphy is the basis for certain non-
renormalisation theorems [RY]. In order to prove properties that make use of holomor-
phy, one usually works in superfields and regularisation schemes that are compatible with
holomorphy.® In our context where we are computing anomalous dimensions of operators
involving scalars that arise from chiral superfields, holomorphy implies that the only inter-
action terms that contribute to the anomalous dimension are those that arise from F-terms
as we will explicitly verify.

®We thank Justin David for raising this question.
6 A much more modern use of holomorphy and its relation to the Wilsonian effective action is due to

Seiberg @]



Figure 1: Contribution from ’H([Zl, 712, Zl]). The figure to the right schematically shows how
the logarithmic divergence was extracted. The interaction vertex is labelled by a filled-in circle.

In computing the anomalous dimension of the operator O, we compute the two-point
function of this operator with its conjugate operator, which we denote by O and study its

singularity when the two operators are coincident. One expects

1 _fylog]m\Q
EEiE

where Ag is the naive scaling dimension of operator and ~ its anomalous dimension. Thus
the anomalous dimension is computed extracting the logarithmic singularities and summing
over all such contributions.

For the family of operators Tr(ZfZéZgn), we find that, at large N (i.e., in the planar
limit), the one-loop contribution to the anomalous dimension from all interactions take the

following form (on using dimensional regularisation):

Nk+l+m+1

356770 [ 20T <% + 3log |z|? + constant) X a combinatoric factor (3.1)
When the sum of all contributions is such that the coefficient of In |z|? vanishes, we obtain
a candidate for the chiral primary. Recall that for chiral primaries, the scaling dimension
is determined entirely by its U(1)g-charge and hence should receive no corrections. For
a true chiral primary, ~ vanishes to all orders. So the vanishing of the planar one-loop
contribution to any operator does not imply that it is a chiral primary since it could obtain
contributions at higher orders. However, such operators provide us with candidates for
chiral primaries.

3.1 Cancellation of non F-term contributions

Since we are working in component form, we need to explicitly verify that all non-
holomorphic contributions to the anomalous dimensions of chiral fields cancel out. These
contributions should vanish irrespective of whether the operator is a chiral primary or not.
While this is expected [BI]], we use this computation as a non-trivial check of our results.
Such contributions come from three kinds of terms:

e D-term: figures [] and f| arise from the D-term interaction vertex

—(¢?/4) 2, (2. Zi] 25, Z5)).



Figure 4: Contribution from corrections to the scalar propagator

e Gluon exchange: figure |3 indicates the contribution from the gluon-scalar interac-
tion vertex igTr (a“Zi (A", Z;] + 0, Z;[ AM, Zl]) This diagram is gauge dependent and
is logarithmically divergent in the Feynman gauge, but non-divergent in the Landau
gauge.

e Self-energy: figure [] indicates the contribution arising from the self-energy cor-
rection to all scalar propagators. This one is also a gauge dependent contribution.

As we will see the three contribution cancel for all operators that we are considering
here. We now provide some details of this cancellation. We have also verified that the
cancellation holds in both the Feynman and Landau gauge though we will provide details
for the Feynman gauge.

3.2 Details of the cancellation

Evaluation of figure fI. Figure [[] has contributions coming from the interaction term
—%Tr([Zl, Z1][Z1, Z1]). We evaluate the loop correction by doing one momentum integral
and then taking the inverse Fourier transform to get the answer in position space. We
consider the fields pairwise and find the loop correction due to the interaction. We cal-
culate loops involving interaction vertex separately in momentum space and then Fourier
transform to position space. We multiply this with the contribution 1/|z|>*++m=2) from



the part which does not involve interaction vertex. This is schematically explained in the
diagram on the right in figure [

For an operator of general form Tr(ZfZéZgn), there are (k — 1) contributions from
this vertex. But when we have fields of only one flavor, say Zi, there is an additional
term giving a total of k£ from this interaction vertex. However when k = 1, there are no
contributions from this vertex. Similar contributions for fields of other two flavors ensures
that the combinatoric factor is symmetric in k,l,m. Hence the contribution from this
diagram is

292 - NFHHHL(Jo 4 Gl / dPp Jipe / dPk L ’ (3.2)
Az |2+ TFm=2) (2m)P (2m)7 k2(k = p)? |

where G, and Jy;,, are the combinatorial factors with all the properties described above,

given by (0, is the Kronecker delta function and is non-vanishing only when m = 0)
Grim = =3+ (5k + 0, + 5m) + (51451 + 610, + 5m5k) — 30,010, (3.3)

and

Jeim = k+1+m — (6k515m71 + 0p_1016m + 51—15m5k) (3.4)

The momentum integral in eq. (B.Z) is evaluated in appendix. We find the contribution
from this figure as

gZNk-l-H—m-l-l (Jklm + lem) FQ[E]F4[1 _ 6] / de eip-x
2(Jz[?)kt+ttm=2 (4m)PT2[2 = 2€] [ ] (2m)P (p?)*

2 nrk+Hl+m4+1
gN (Jetm + Grim) (1 )
25676 |z |2(k++m) . + 1+ 5yg + 3logm + 3log |z|* ), (3.5)

where g is Kuler constant.

Evaluation of figure . Figure [ involves the D-term interaction—%Tr([Zl, )22, Z5))
and similar terms obtained by cyclic permutation of flavor indices. Here we notice that
when the operator has fields of all three flavors the combinatorial factor must be 3. When
the there are fields of two flavors this factor must be 2. There is no such interaction
when there are only fields of single flavor and hence there is no contribution from this
diagram. The integral to be evaluated is the same as in figure []. The contribution from
this interaction vertex is

o NE+I+m+1 Grim
T 95676 (jo|2)k++m

1
(— + 1+ 5y + 3logm + 3log |x|2> (3.6)
€

Contribution from figure §. The interaction vertex is ig Trd, Z[A*, Z] 4+ c.c. The
calculation of corrections is again done by taking propagators pairwise, as in the previous
cases. We realise that out of the different types of contractions possible only two are giving
rise to any divergence. To find the combinatorial factor for figure [ can be easily identified



as the some of the combinatorial factors of the above two diagrams. The net contribution

//dedD k-(k—p)
2m)2P (k= q)*(k — p)*q*(q¢ — p)*k?

1
X <—+2+37E+310g7r+310g\x]2> (3.7)
€

from this diagram is
92 Nk—l—l—i-m—i—leZm

25 (|[2)k+i+m—1

_ QQNkJrlerJrlelm
256776(’x‘2)k+l+m

Contribution from the self-energy. This contribution arises out of the one-loop cor-

rection to the scalar propagator (Z;Z;). The calculation of one-loop corrected scalar prop-
agator is given in the appendix. This correction is represented by the blob in figure f|. Here
again we calculate the contribution from figure [| by taking lines pairwise, where one of the
two lines has the blob. (This is needed to match the numerical factors in the calculation
of other diagrams.) This blob can appear on any of the (k: + 1+ m) lines. Taking into
consideration that the gauge group is SU(IV) the combinatorial factor from figure ] is seen
W from the rest of the (k+1+m —2)
lines, the one-loop correction to scalar propagator is obtained in momentum space from

eq. (D7) as
D
—2N(|h? + W ?/2)T (TaTb)/ (;iw)kp 12(k _1p)2p2

_ _2N(|h|2_|_|h/| /2) (TaTb) ((1) )g (p )1+e ]

to be Jiim,. Multiplying this by a factor of

Inserting this into the figure | and calculating the loop

B N3(|h|2+|h’| /2)T(e)B [1—6,1—6]/ dPp 1
(4m)?=e 2m)P (p — q)?(p?) '+
N3(|h|? + |W|?/2)T(e)T'(2€) B[1 — 2¢,1 — €| B[1 — €,1 — €]

- (4m)4=2¢ B[1,1+ €] T'(2 + €) (¢2)2¢ (3.9)

The N3 factor arises when we contract the Tr(T%T?) with generators coming from the op-
erator. In the above, the momentum integral is again evaluated using Feynman parametri-
sation and then Fourier transformed to position space to obtain

N3(|R* + [W?/2) Tyim

-2 2+3 31 31 2 3.10
o (L4 24 e logm 4 300gle?) (310

Together with the rest of the lines in figure [, which gives a factor of % multiplying

it, the total contribution of figure [§ is

Nk+l+m+1 |h|2+|h/| /2 Jkl
=2 256756’m‘2(k+l+m)) m( +2+37E+3logﬂ+3log\x]2> (3.11)

We can see that the coefficients of log |z|? (as well as that of 1/¢) in eqgs. (B-3)-B-7), B-11)
add up to zero. In particular, the term involving Gy, appears only from the contributions
from figure [l and [] and they cancel. The term involving Ji, adds up to give a term
proportional to (g2 — |h|? — |h’|?/2), which is proportional to the beta function and hence
vanishes in the conformal limit. Hence the only contribution to the required correlator
comes from the F-term interaction as expected.



3.3 F-term contribution

The computation of the anomalous dimension for quadratic operators such as Tr(Z3Z3)
and Tr(Z?) differs from all other values of k,I,m. Postponing the details for quadratic
operators, in the following subsection we will exclude values of k, [, m where k+1+m = 2.

The contribution from the F-term is obtained from a diagram similar to the one given in
figure f]. The interaction vertices involved are |h|*Tr([Z1, Z2]q[Z1, Z2]4), —|h’|2Tr(212le)
and its cyclic permutations, where [Z1, Z3], = qZ1Z2 — §Z2Z,. The combinatorics and
integrals are the exactly as described earlier. In addition, here, when k # 0,1 = 1,m = 0,
contributions involving the parameter g appear. The factor Sy, is introduced to take this
into account. The contribution to the above two-point correlator is

[2‘h’2 ((q2 + 62)Sklm + lem) — 211 *(Jpim + lem)]
Nk+l+m+1

1 2
X 2560 \ € 1+ 5yp + 3log(m) + 3log |z| (3.12)

where

Skim = 0k—101(1 — 6m) + 8,011 (1 — G — Gp1)
+5l,15m(1 — 5k) + 610m—1 (1 — 0 — (5]6,1)
+0mm—10k (1 — 51) + 5m5k—1(1 — 0 — 51_1) (3.13)

The vanishing of the anomalous dimension now gives the condition
’h‘Q <(q2 + 62)Sklm + lem) — ’hI‘Q(Jklm + lem)> =0 (3.14)

Before looking for solutions in full generality, let us first consider the N’ = 4 limit, i.e.,
g = +1 and A’ = 0. In this limit, we obtain

2Skim + Grim = 0 (3.15)
This has two non-trivial solutions:
(i) k> 2,1 =m =0 and permutations thereof;
(ii) k> 1,1 =1, m =0 and permutations thereof.

(i) corresponds to operators of the form Tr(Zf), and (ii) corresponds to operators of the
form Tr(ZfZg). All these are the known N = 4 chiral primary operators of the form we
considered.”

We next consider the (-deformed theory which corresponds to keeping h' = 0 and
restoring arbitrary values for ¢q. The vanishing of the anomalous dimension is now

|? ((q2 + @) Skum + szm> =0 (3.16)

"This list actually misses out the quadratic operators Tr(ZiZ;) which are also chiral primaries. As
mentioned earlier, the general formula given in eq. () is not valid for these operators since there is an
extra contribution appearing in the deformed theory. This will be discussed in the next subsection.

,10,



Among the two classes of solutions that we obtained in the N' = 4 limit, we see that those
of type (i) continue to have vanishing anomalous dimension since Sk, and Gy, vanish
separately for those values of k,l, m. However, this is no longer true for the operators of
type (ii). These operators have the charges given in the list of chiral primaries given by
Lunin and Maldacena for the 3-deformed theory [[].

Finally, we now consider the Leigh-Strassler theory, where i/ # 0 as well. None of
the A/ = 4 chiral primaries are protected in this theory. However, in the limit h = 0, the
operator Tr(ZZ2Z3) (and also Tr(Z1Z3Z3)) is found to be a solution of the eq. (B.14),
which is easy to understand as this operator cannot get any contribution at one loop from
the /' interaction. We will now discuss the operators Tr(Z?) and Tr(Z2Z3) that were not
considered earlier. We will see that both these operators are protected in the Leigh-Strassler
theory.

3.4 Anomalous dimension for Tr(ZZ-Zj)

The anomalous dimension for dimension two operators obtains contributions from interac-
tions involving double trace operators that appear in Vp. In the 5-deformed theory, this
interaction only affects the Tr(Z,Z3) operator, while in the general LS theory, the operator
Tr(ZIQ) is affected by the i’ dependent double trace operator. For all other operators, one
finds that interactions involving double trace operators provide contributions that are sup-
pressed by a factor of 1/N relative to the single trace interactions and thus can be ignored
in the large N limit.

The computation for these operators differs from the above due to a subtlety in taking
the large N limit. The deformed theories have an extra interaction, as seen from eq. (R.9),
which is suppressed by a factor of N relative to other interactions as it is a multi-trace
operator.® For a dimension two operator, the trace algebra works out as follows,

2 2 2 2
%Tr(T“Tb)Tr(T“Tb)Tr(TCTd)Tr(TCTd) = % [N N_ 1 XN} = % ~ N3 .(3.17)
The ~ N3 contribution is seen to be of the same order as the one from the single trace
interaction piece in eq. (B.4). This can be ignored in the large N limit while computing
anomalous dimension for operators of dimension > 2. The important point to note is that
this contribution is precisely the one that makes the anomalous dimension for Tr(Z;Z;)
vanish (as has already been shown by others using different methods.)

3.5 Summary of results

We have seen that in the -deformed theory, at one-loop, the family of operators of the
form Tr(Zf) and TI'(leQ) are protected. For the Leigh-Strassler theory, we have only
two kinds of operators which survive on including the h’ deformation. They are Tr(ZIQ)

and Tr(Zng) .

8Recall that while the superfield Lagrangian has a single trace, the component Lagrangian is obtained
by eliminating the auxiliary variables D and F. Thus, the bosonic potential ends up being a double trace
which can be sometimes rewritten as a single trace using identities such as eq. (@) This term does not
appear for U(N) as well. Note also that it vanishes in the A" = 4 limit.

— 11 —



In order to further generalise the kinds of operators that one must consider, we revisit
the chiral primaries of the N’ = 4 theory. We have found chiral primaries that involve only
two flavors of the scalars. What about those involving three flavours? The simplest one
will involve one of each flavor. The N/ = 4 chiral primary is

Tr (212223 n legzz) .

More generally, chiral primaries of NV =4 SYM are obtained by considering linear combi-
nations of all possible orderings of operators. For instance, the above operator has 2 = 3!/3
possibilities. The 3! is the order of the permutation group in 3 objects and the division by
3 reflects the cyclic property of the trace. Given a monomial, zi] ! 2572 zé’z”, the corresponding

N = 4 primary is given by the expression (with n = J; + Jo + J3)

3 e Tr<7TZi]1Z§]2Z§]3) , (3.18)
TESy

where we sum over all permutations 7 and ¢, is a symmetry factor [[[7]. Thus, there is a one-
to-one correspondence between monomials and A = 4 chiral primaries. Thus, at dimension
Ay, the number of chiral primaries is (A¢+1)(A¢+2)/3 which is the number of monomials at
degree Ag. Based on the form of F-term equations like Fy = qZ>Z3 —qZ3%5 = 0, Freedman
and Giirsoy(FG) have argued that one needs to associate a factor of ¢2 for terms that are
related by the exchange of Z5 and Z3. For instance, the chiral primary involving all three
flavors, will become
Tr (quZng n quZgZz) .

in the S-deformed theory by their prescription. We will refer to this as the FG prescription.
In the sequel, we will verify the FG prescription works for operators involving up to six
powers of the scalars only when they turn out to be chiral primaries.

4. Chiral primaries in the (-deformed theory

Chiral primaries in the §-deformed theory are classified by three charges corresponding to
a U(1)3 subgroup of the SO(6) R-symmetry in the N' = 4 theory. The three scalars 7,
Zy and Zs have charges (1,0,0), (0,1,0) and (0,0, 1) respectively. Chiral primaries are
thus labelled by their U(1)? charges. Here we consider two-point functions of operators
with charges (J1, J2, J3): (2,1,1), (3,1,1), (2,2,1), (4,1,1) and (2,2,2) — these are all the
operators with (J; + Jo 4+ J3) < 6 with all J; non-vanishing.

For a given choice of (Jy,Ja, J3), there are several operators that carry this charge.
For example, there are three operators with charge (2,1,1) as shown below. We choose
linear combinations of all such operators in two steps. First, we obtain the corresponding
N = 4 primary. Second, we introduce powers of g following the FG prescription [[[7]. This
is potentially a candidate for a chiral primary. We then put in arbitrary coefficients in
front of all operators to make our ansatz more general. We then compute the anomalous
dimensions of these operators at planar one-loop and obtain the condition for the vanishing
of their anomalous dimensions.
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In the following, we will see that the planar one-loop contribution to the anomalous
dimension for all operators can be written as the sum of the absolute squares. This enables
us to solve the equations easily without any hidden assumptions.

(2,1,1) operator
We take the chiral primary to be of the following form

Ogyy = Tr(2122223 b2 Tn T Ty + cq22221223) . (4.1)

The computation of the anomalous dimension of this composite operator proceeds as before.
The vanishing of the anomalous dimension is given by the condition®

{3]0]2 + 4[| +3—2Re[(25+5) +2(jzbé]} ~0 (4.2)
The condition can be rewritten as follows:
2 — 12 + e =12 +2Pbg* — ¢|* =0.

This is a sum of three positive definite terms and is solved by b = ¢ = 1 and g* = 1 which
makes it a chiral primary only for the NV = 4 theory.
(3,1,1) operator

Here the chiral operator is taken to be
O311 = Tr (Zfzzzg OGP TB LT + eGP A2 T T Dy + dq‘*Zl?ZngZQ) . (4.3)

There is an ambiguity in applying the FG prescription. For instance, the operator with
coefficient b can be associated with either > (as we have chosen) or ¢°. This ambiguity
disappears when ¢* = 1. The condition for the vanishing of the planar one-loop anomalous
dimension is

3[b|2 + 4]c|? + 4]d|% + 3 — 2Re [E + 22 + 2bdg* + 2cci] ~0. (4.4)
The above expression can be written as follows:
b— 112 +2c— 1> +2lbg* —d* +2|c—d|* =0 . (4.5)

This has a solution only when ¢ = 1 and b = ¢ = d = 1. This is precisely the situation
where the FG prescription works. When ¢ = +1, this is A/ = 4 chiral primary. When
q = =1, this operator is also a protected operator. This is again a result expected from
Lunin and Maldacena [[[1] — this is a chiral primary in the Zs x Zg orbifold of N’ = 4
theory. For all other values of (3, this operator is not a chiral primary.

Tt is easy to extract the 3 x 3 matrix of anomalous dimensions from the following expression. It may
have some use in writing out the Hamiltonian for the spin-chain but its use is limited due to the small
length of the chain.
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(2,2,1) operator

For the operator
Ogo1 = Tr (21222223 + bGP 23 22 737 + G 22 2373 + dGP 71y Do 7371 Zo
@B 237020 + ' 1 2320 Z5) . (46)
the condition for the vanishing of the one-loop anomalous dimension is
—9Re|b+d+ §g? + be + bf + 2df + dg + (bJ+cf+f§+cg)q2]
+4|b]” + 3|c|* + 5|d]* + 5| f[* + 4lg* +3 =0. (4.7
This can be written as the sum of squares as follows:

b— 1 +|d — 11> + |9¢* — 1[* + |b — c|* + |bg* — d|* + |b — f|?
+leg® — gI* + leq® — fFIP+2ld = fIP+|d—g]* + |fi* —g]* = 0. (4.8)

The solution occurs only when ¢> =1 and b = ¢ =d = f = g = 1 which is the known
N = 4 chiral primary. Thus, this is not a chiral primary for generic values of 3.

(4,1,1) operator

We next consider the operator with charge (4,1,1). Below the powers of ¢ have been
assigned using the FG prescription. However, there is an ambiguity in assigning the powers

of gq. For instance, the operator multiplying the coefficient b3 can be assigned either 1 or

g® since it can be reached by two different set of exchanges. This ambiguity however goes

away when ¢% = 1.

O = Tr(bzfzgzg N N ALY AR AP AYAYS

V03821 2o 23 25 + b4q2ZIZ3zfzz> . (4.9)
The vanishing of the anomalous dimension at one-loop is
31612 + 3|by |2 + 4|bo|® + 4|bs|* + 4|by|® — 4Re |bby + %bb} +b1b3q® + babz + b2b4] =0.
Again, this can be written as the sum of absolute squares.
b —b1]? + 2|b — by|® + 2|b1¢® — b3|* + 2|by — b3|* + 2|by — bs|* =0 . (4.10)

Clearly this has a solution b = by = by = b3 = by only when ¢° = 1. Note that this is
precisely the value of ¢, where the ambiguity in the FG prescription is removed.
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(2,2,2) operator

For the operator

0222:Tr<dZ%Z§Z§ + 1P 22 292300 73 + doG 23 22 23 70 + d3G* 23 2375 73 (4.11)
+dy GO 22 2320 D3y + ds G Z2 2372 + de G 25 72y Zo Z) o + dp Gt 21 Zy 21 Z3 2y Z3

+d3 G0 Z3 29 71 Zo 7y + do G Zy Z3 71 75 + d14G° Z3 71 23 71 73

d
+%_ZZ122Z3Z12223 + d19G* Zo 21 Zo Z3 71 Z3 + d13G* Z1 Z3 21 Zo Zi3 7o

d
+d10q* 75 Z3 71 Z3 7 + %fZ12322Z12322>
we obtain the following condition for the vanishing of the anomalous dimension

3|d[* + 5l [* + 4|da|* + 4|ds|* + 5|da|* + 3|d5|* + 5|dg|* + 6]d7|” + 5|ds|* + 4|ds|*
+3]d1[? + 5ldua[2 + 6ldra|? + 6|dis|? + 5ldro | + 3ds * — 2Re|ddg + dy + ddro
+didy + dodg + dods + dady + dsds + diadia + dgdg + dsdg + dids + dizdio + di1das
+d1adig + disdis + dady + diadis + dsdy + dgdy + didy + dada + dirdia + drdg
+di5dia + dediz + dodig + dgdis + dgdiz + dydys + dsdiy + diods + dsdiy

+di1d7 + dizdy + d15j7] =0.

(4.12)

This is independent of ¢ = €™ and is solved by d = d; = --- = 1 as can be clearly seen
after rewriting the above expression in terms of sums of absolute squares.

d—di” +|d — dg|* + |d — do|* + |dy — d7|? + |dy — ds|* + |dy — do|? + |dy — dus|”
+|dy — dg|* + |do — ds|* + |do — du|* + |d3 — du|* + |d3 — dya|* + |d3 — dro
+|ds — dg|* + |ds — daf* + |ds — dua|* + |ds — d7|? + |da — daz]* + |ds — do|?
+lds — d7|* + |dg — dia|* + |d7 — ds|* + |d7 — du1|* + |d7 — das|* + |ds — dg|”
+|ds — dia|* + |do — d1al? + |dg — dio]® + |di1 — dus|® + |di1 — di2|* + |dis — di2]?
Hdig — digl® + |diz — dio|* + |diz — dus|? + |diz — dio|* + |dig — dis|* = 0.
(4.13)

Hence this is a chiral primary for any value of 3 on implementing the FG prescription.

By studying the non-renormalisation properties of operators up to dimension six, we
see that for generic [3, chiral primaries appear only as operators of the form (k,k, k) and
(k,0,0) (other than the quadratic operators) as expected from the refs. [[7, [4, [H, [LI].
Further, the FG prescription works for these operators. The absence of an ambiguity in
implementing the FG prescription seems to be the key to the vanishing of the one-loop
anomalous dimension. This also picks out the special values of ¢ for which some operators
are protected.
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5. General Leigh-Strassler deformation

The general Leigh-Strassler deformation is invariant under the action of the trihedral group
A(27) which is a finite non-abelian subgroup of SL(3,C). The centre of this group is a Zs
which is sub-group of U(1)g. Thus, the U(1)g charge can be identified with the Zg charge.
Chiral primaries in this theory must appear as irreducible representations of A(27). In
appendix B, we have provided relevant details of the irreducible representations of A(27).
Based on the representation theory, we obtain the following important and useful result:

1. When the scaling dimension, Ag = 0 mod 3, then chiral primaries must appear in
any one of the nine one-dimensional representations, L ; (Q,j = 0,1,2). The repre-
sentation Lo corresponds to a singlet of A(27). We will label such operators (’)(A%j )
to indicate the representation they belong to. The charge @ for one-dimensional
representations can be identified with the charge proposed in [RI].

2. When the scaling dimension, Ay = a mod 3 (a # 0), then chiral primaries appear in
the three-dimensional representation, V, and thus three operators form a triplet. We
label all such operators by OR . Given one operator of the triplet, the other two can
be generated by the cyclic replacement 7 : 77 — Zy — Z3 — Z.

This observation is useful in many ways. There will be no mixing between operators which
sit in distinct representations of A(27). This leads to a nine-fold reduction in the operators
that one needs to consider for one-dimensional representations and a three-fold reduction

for the three-dimensional representations.

Ag =3, Q =0 operators

Since Ag = 0 mod 3, one has to only consider the one-dimensional representations. There
are three operators with (@, j) = (0,0) and we will consider the most general linear com-

bination of them.
oL = tr<azf VaZd + aZd + 021 2o 75 + 0212322> (5.1)
The vanishing of the one-loop correction to the anomalous dimension is given by
27]al?|W'|? + 9(hA qab + hh'Gab) — 9(hR Gac + hh/ qac)
—3(|h|*q*be + |h|*q®be) + 3(|b]* + |c[*)|h]* = 0 (5.2)
This can easily be seen as equivalent to
|B<b(j— cq) +3al/|* = 0 (5.3)
This has two solutions:

(i) a =0, b= q and ¢ = g. This implies that the Tr(quZng + chlZng) which was a
chiral primary in the $-deformed theory is protected at one-loop in the LS theory as
well.
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(i) a=1,b= —%—%q, c= %—%q‘. This is the operator

> =

3m
Te|(Z3 4+ Z3 + Z3) — 5 (0212273 — §21Z325) |, where m =

There are two other operators with Q = 0 and j = 1,2 — these are
O = [ 7} + W Z3 + W 73] .
These are descendants'® and hence are not chiral primaries.

Ag =3, Q =1 operators
For this operator

O = Tx(Z2s + 9 2320 + 5 232, (5.4)

the vanishing of the one-loop correction to the anomalous dimension is
3(|h'|2 +|h)2q — q-|2) + 2Re [hﬁ/(q —9 (1 ol wzj)] —0 (5.5)

When j # 0, the above equation has no solution (except in the N' = 4 limit) implying that
the operators are not chiral primaries. They are known descendants [1]. However, when

7 =0, the condition becomes

3| + (g —q)* =0,

which has a solution only when b’/ = h(q — ). At all other points in the space of couplings,
the operator is a descendant.

Ag = 4 operator

The operator that we will consider here is in the three-dimensional representation, V;, of
A(27). Below, we will consider only one operator in the triplet since the result is valid for
all three operators. The operator has charge () = 1. Further, it is a linear combination of
several N/ = 4 primaries — the unknown coefficients are labelled to remind the reader of
this fact. For instance, below terms with coefficient using the same letter of the alphabet

are part of the same A/ = 4 primary.

ol = tr(Z§ b 232y + ¢ Z2Z3 4+ 1 20 232y Zs + d 21 2325

VA1 21 2o 2325 + ds Z3 7271 + fZ§Z2> (5.6)

197t follows from the representation theory of A(27) that there are nine descendants (with Ag = 3), one
in each of the irreps, Lg,;. When, (Q,7) = (0,0), there are three operators and one descendant while
there are one operator in other sectors. We obtain two protected operators in the Ag = 3 sector which is
consistent with this counting.
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Requiring the vanishing of the one-loop correction to the anomalous dimension, we get,

161112+ (b (2012 + 112l = aI2) + 21ef? (112 + |nf2) + |df* (102 + 311[?)
S (20 + BPlg — a12) + 4hP2ldy 2 + 8[hP2 er [ + |2 (I + 1A
+ 2Re[4hi/g d— 4hi'g dy — W'h(g — q)be + hl'q bd — W'h(g — g)dsb — hi'q bi
—Whq cd — 2|h]*(cc1)(¢* + @) + hh!q dac + WA/ (q — §)cf + 2h'hG c1d
—2h'hq c1dy + W'hq df — W'h(q — q)dif — h'hq dof — 2|h|*¢* did
—|h|?¢* dad — 2|h|*G® dids| = 0. (5.7)

The above equation is rather hard to analyse and one may wonder if it has a solution.
We now make use of the fact that in the limit A’ = 0, these equations should provide us
conditions that appeared in the §-deformed theory. We have already seen that these can
be written as the sum of squares. Using this result as input (and a check!), we deform
the A’ = 0 term suitably such that all terms that appear as h'h that appear above are
accounted for. This strategy works rather well and we obtain an expression (given below)
that is easily analysed.

|4h! + hgd — hqds|* + |hgd — hqdy + h'b> + |hgd — hqd, + B/ f)?
+ |hgdy — hqdy + R'b|* 4 |hgdy — hqdy + B f|* + |hge — 2hqe; — R'd|?
+|hge — 2hgey + Wda)? + |h(qg — §)b— K> + |h(g — §)f — R'¢)* = 0
(5.8)

This equation has the following definite solution providing us the required chiral pri-
mary operator at one-loop planar level.

pofo A @@ -1 L_Ama-a) (¢ + ¢ 1)
m3(¢® +¢*) — (¢ — q)° m3(¢®> +¢*) — (¢ — 9)°
 dAm (mPq—qlq - 9)?) o 2m?(g—-q+m?)
@ ) -a-r T w @@ - @)
_4m(g—q)(g—q+m®) 0 dm (¢* + @ — 2+ m>¢) (5.9)
@ P) - (- 9P T AP ) - (4 '
where m = % We thus find only one protected operator that exists for generic values of

the couplings.

Ag =6, Q =1 operators

We consider dimension six operators which are in the one-dimensional representation of
A(27). This is an example where the condition that the operator be in an irrep of A(27)

(rather than an abelian subgroup as considered in [[I§], for instance) leads to a simplifica-
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tion. There is a three-fold reduction in the number of constants in the problem.

o) = Tr<Z§ZQ ¥ DZLZ3 + by 23 7370 Dy + by 73 23 73 Zs + 23 23 7 (5.10)
+ 123 2o 5T + o L3 73 02 4 322 Zo 2y Doy Ds + c4 L2 Do 71 73 7o
5212371 23 + c6 23 Lo Zs Z1 Do + e 23 2321 73 + ey 27 Z3 2o Zr 2oy
02 2o Do 2 T )+ T (23 25+ 028 LR )+ T (3 2402425 + )

Given the complexity of the expression for the anomalous dimension, we used the same
strategy that was employed for the Ay = 4 operator. This enabled us to re-express the
anomalous dimension as the sum of absolute squares as given below.!!

(g = @) = mbl* + |m + Ges — gea|* + Im + Ge — ger | + |m + Ger — qea?
+Hm + Geg — qes|” + [mb + Ge — qes[* + [mer + Ge — qes[* + [me + Gog — qer
+|mea + Ger — qea|?® + |mes + Ges — qeal? + |mb 4 Ger — qea|* + |mby + Ges — qeol?
+lme + ges — qes|® + [mes + Ges — qesl” + [mer + Geg — qeal® + [mb + Ges — geal*(5.11)
+|mes + Geg — qes|? + |2mbg + Ges — qer|* 4 [mes + Ges — qeg|? + |mey + Geg — qeo?
+lmes + Geg — qer|* + [mey + Ger — qes| + [mby + Geg — ges|? + [me + gby — gb]?
+meg + @b — gbi|* + |mes + 2qbs — gbi|? + [mer + @by — 2gbo|* = 0

Trying to solve the constraint equations arising from the above, we can see that there is
no generic state satisfying them. Thus, there are no protected operators for generic values
of couplings. However, at specific sub-loci in the coupling space there are solutions. These
belong to several branches which we list below: Branches (i) and (ii) are connected to the
operators that appear when ¢* = 1 in the S-deformed theory. Branch (v) degenerates to a
linear combination of N’ = 4 primaries when ¢?> = 1. Branches (iii) and (iv) do not have
such a limit.

(i) ¢> = —1, with h, b/ arbitrary. The solution is given by b = (¢ — q)/m, by = (m? +
2)/mq, by =q/m;c=cy=ca=c5s =cs =cy =1, c1 =cg = —(1+mq), c3 = q(g+m)
and cg = (mq — 1 —m?).

(ii) ¢*> = 1, mq = —1. The solution is given by the choices b = ¢; = cg = 0, by = by =

c=cy=cs=cg=c9g=1,c9=cy =—1and c3 = 2.

(iii) m = 1/q. The solution is given by b=1c; =c3 =¢*> — 1, by =ca = ¢4 = cg = c7 =
co=1,bp=1/*>, c=q¢*—¢®>+1,c5 = (¢* —2) /¢ and cg = 2/¢>.
2—1,61=C:C4:C52106209:1,

bb=q¢c1=—1l,co=q¢*'—q¢?—1,c=2¢ cc=q¢?—2¢and cg = —1+q %

(iv) m = —q. The solution is given by b = ¢~

(V)y m=q—qb=by=c=cy=c3=cy=cs5=cg=cyr=cg=c9g=1and by =1/2.

"The corresponding expression for the j # 0 operators take a similar form. It is obtained by the
the following replacements on the j = 0 expressions: mb — mbw?, mb; — mbw’, me — mew?. and
me; — me;w? . Note that if any of the coefficients appears without being multiplied by m, it is left

unchanged. It turns out these equations do not have a solution indicating that they are all descendants.
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Ag =6, Q =0 operators

We now consider operators with Ay = 6 and @ = 0. There are three operators in the
representations, Lo ; that we need to consider. We first consider the operator in the repre-
sentation Lo o — it consists of 46 terms — however, the number of independent coefficients
is reduced to 26 due to the use of the trihedral symmetry. We write the operator as the

sum of four terms

(’)éo’o) =01 +7(01) +72(01) + 02, (5.12)
where
Oﬁﬁ%ﬂ%ﬁ%%%+m%%%+@ﬁ%%%+@&%ﬁ%
—Mﬂﬂﬂﬂﬁmﬁ£+qﬁ%&ﬁ+@ﬁ£%%+@&%%%&%»
@:ﬂ@ﬁ£ﬁ+mﬁ@%@%+@ﬁ@ﬁ@+@ﬁ%£%
+ Ay Z2 73207370 + d5s Z2 22 723 + de Z2 71 2y Z1 Zoy + dy 7y Zo 7y Zis Do 73
+d3 237971 ZoZy + dg Z3 721 Z2 Zy + d10Z5 2371 Z3 71 + d11Z1 ZaZ3 71 Za 73
+ d12212223Z12322+d13212223222123+d14Z§Z1Z3Z1Z?,+d15Z1232221Z322> ;
and by 7(0;p) we mean the operator obtained by the cyclic replacement 7 : Z; — Zy —
Zs — Zy in all the terms. The operators in the representations Lo ; (j # 0) are given by
O((;O’j) = 01 + W r(01) + w7 (0y) . (5.13)

After some long and rather tedious algebra, one can express the vanishing of the one-

loop anomalous dimension for the operator (’)éo’o) as the sum of absolute squares.

3|6am—by1q+bq|*+|bsm—drq+dsq|* +|bsm—dsq+drq|* + [bam — dag+di3q|
+|bym — dag+drq*+|bgm—drg+diq)* +|bim—2d15g+drq|* + |bm—drq+2d11 4]
+bgm — di3q + d10q]* + |bam — diaq + di3q]* + |bm — di3q + 2d11q]?
+|b1m — 2d15q + di3q|* + |bsm — di3q + d1q|* + [bym — 2d15q + di12]?
b — di2g + 2d11q)* + |bsm — diag + d1oq]* + [bam — diag + di2q]?
+|bgm — dsq + d12g|* + |bsm — di2q + dsq|* + |bm — dog + d10q|?
+[bym — diaq + doql® + [bym — dsq + dog|* + |bym — dsq + dsq|®

+Hbim — dsg + dag]* + [bym — diaq + d3q@* + [bm — dzq + diog® (5.14)
+|bam — dyoq + dG|* + |bam — dyq + dg|* + |bm — daq + d1q)?
+|bem —deg+dq|* + [bm—dsq+d1q|* + |bm — da2q+deq|* + [bym — dag+dagl?
+|brm — dag + ds@l* + [bam — dsq + dag|* + [bm — doq + deq]?
+|dem — c1q + 3esq)* + |dsm — 3ezq + c2q]* + |diam — 3ezq + 2]
+3ldm — cq + e2q|* + 3|dsm — c1q + cq|* + 2|dam — caq + 1]
+2|dgm — c2q + 14 + [diom — c1q + 3esq)* + 2|dsm — caq + 1]
+]dym — 3c3q + c2q|* + |[dym — c1q + 3c3q)* + 6|em — byg + b

+6]cim — bag + baql* + 6lem — byq + b3gl® + 6|cam — bsq + bagl* = 0
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The above equations lead to 52 equations in 26 unknowns. We find that there are precisely
two solutions that exists for generic values of the parameters. It is easy to see that there are
some identifications amongst the d;. They are di = dg = dy1g, doy = d3 = dg, dy = dg = dq4
and d7 = dio = dy3. This reduces the number of unknowns to 18. The explicit solutions
are somewhat unilluminating and will not be presented here. An important point is that
the two solutions can be characterised by a = 0 and a # 0. In the limit, A’ — 0, these two
solutions reduce to the operators that exist in the (-deformed theory for general values
of B. This is precisely what happened for the Ag = 3, @ = 0 operators as well. This
is a clear indication that the operators that are protected at one-loop in the (-deformed
theory and are in the representation Lo survive the i’ deformation. The operators in the

representation Lo ; with j # 0 are however not protected operators.

5.1 Summary of results

We have shown that it is useful to organise chiral primaries in terms of representations
of the discrete group A(27). In particular, we have seen that operators appearing only in
one of the three representations, Lo and V, are protected at planar one-loop level. We
conjecture that this result is true in general. The general pattern for operators protected
at planar one-loop (and possibly beyond) organised in terms of the trihedral group is given
in the table below when Ay > 2. (We have excluded the quadratic operators since they
have a somewhat different behaviour.)

Scaling dim. N = 4 theory (-def. theory | LS theory
Ag = 3r Loo @ r(r2+1) [@i,j Ei,j] Loo ;Lo j 2L0,0
Ao = a mod 3 MM v, v, 5

The first column is only a reorganisation of the well-understood N' = 4 primaries into
representations of A(27) [[[7). The second column follows from the Lunin-Maldacena pre-
diction that chiral primaries in the (-deformed theory, for generic values of (3, arise only
with charges (k, k, k) and (k,0,0) rewritten in terms of representations of A(27) [LT]. The
last column is based on our computations in the LS theory and has been verified up to and
including scaling dimension six.

Further, we have seen that in other representations, operators are only protected in
a submanifold in the space of couplings. These submanifolds consist of several branches,

some of which do not intersect the subspace of S-deformed theories.

6. Conclusion

In this paper, we have studied the planar one-loop contribution of operators in the LS
theory for operators up to dimension six. We have used the trihedral group to classify
the operators and this has lead to a significant simplification to the problem. We find
that for generic values of couplings, the protected operators arise in the one-dimensional
representation, Lo when Ay = 0 mod 3 and in the three-dimensional representations V,
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when Ay = a mod 3 (a =1,2). We conjecture that this is true in general. It is interesting
to see if there is a simple proof of this statement.

The Leigh-Strassler superpotential makes an interesting appearance in a different con-
text. A recent computation all-orders perturbative computation of the effective superpoten-
tial for the so-called long-branes on the cubic torus using the topological Landau-Ginzburg
model turns out to be of the Leigh-Strassler form [BJ]. It is possible that this computation
may be related to the quantum effective superpotential of the LS theory.'? We are pursu-
ing the relationship of this work to the LS theory [@] In particular, even if a direct map
doesn’t exist, it suggests a re-ordering of the perturbative computation of the quantum
effective superpotential for the LS theory and that the renormalised coefficients (up to an
overall normalisation) should be expressible in terms of theta functions of characteristic
three. This statement is modulo the effect of the the chiral Konishi anomaly which may
modify the statement.

An open question is to find the gravity duals for LS theories. A more limited question
is to ask whether one can find special values of the couplings like the case of rational
in the p-deformed theory. The crucial input in finding the gravity duals whenever § was
rational is the realisation that the effect of discrete torsion in abelian orbifolds is to g-deform
the N = 4 superpotential [[2-[[5J]. One may ask whether discrete torsion in non-abelian
orbifolds could also produce the i’ deformation. The naive answer based on adapting the
analysis of ref. [f] to include discrete torsion is that no such couplings can arise. However,
since those results are based on ‘dimensional reduction’, it would be interesting to actually
carry out a CFT computation in string theory to verify that such terms are not generated
to come up with a no-go theorem.
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A. LS deformed N = 4 Yang-Mills theory
The Lagrangian density of the Leigh-Strassler theory in terms of N' = 1 superfields is
_ - 1
— 20 .72 —gV &H, 9V o 2 e
c /d 0d HTr(e e <1>> + [292 /d eTr(W Wa) (A.1)

‘ . in
+ih / d29Tr<e”5c1>1<1>2c1>3 — e*”%l@g%) n % / d29Tr(c1>f{ s q>§) n c.c.]

2The authors of ref. @] obtain an expression for the quantum effective superpotential for the G-deformed
theory using a relationship with matrix models. It is also of interest to see if these two effective potentials
are related.
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We denote the lowest component of the superfield ®; by Z; and its fermionic partner by ;.
The vector multiplet in the Wess-Zumino gauge has as components, the gauge field, A, and
its superpartner, the gaugino, A in addition to the auxiliary field D. All fields transform
in the adjoint of SU(N). Writing these in component fields we get the Lagrangian

1 _ - .
c :Tr< — 5w " =i 200" DyA = i 30" Dy + D' ZiD, 2,
2

- gz[Zz’, Z\Zj, Z;] +iV2g Ui Zi, N + V29 i[Zi, N — ih b3 [ 21, o]

+ i P3[Z1, o] — il Zipryn + iR Zyrip + ey Perm-) -Vr(Z2)  (A2)
where D, Z; = 0,Z; + ig[A,, Z;] and Vp(Z) is as given in eq. (R.9).

A.1 Trace formulae for SU(N)

Below, we provide the trace identities and normalisations that we have used in our paper.

2 _
paqe = & ~ L Tr(T°T?) = 62
Tr(AT®BT) = Tr(A)Tr(B) — %Tr(AB) (A.3)

Te(AT")Te(BT") = Tr(AB) — %Tr(A)Tr(B)

B. Representations of the trihedral group, A(27)

In this appendix, we discuss the representation theory of the trihedral group A(27). [Bg-
BY] We expect chiral primaries of the Leigh-Strassler deformed theory to be in irreducible
representations of this group. Trihedral groups are finite subgroups of SL(3, C) of the form
A x Cs3, where A is a diagonal abelian group and Cs is the cyclic Zz generated by

001
T=1100
010

For the trihedral group, A(27), the group A is generated by g = %(1,1,1) and h =
%(0, 1,—1)."3 In our example, g turns out to be the centre of A(27) and is a subgroup
of U(l) R-

The irreducible representations of A(27) consist of nine one-dimensional representa-
tions, Lg,; (Q,j = 0,1,2) and two three-dimensional representations V, (a = 1,2). The
charge under g can be clearly identified with U(1)g charge.

Lq,; In the one-dimensional representations, one has the following action of the generators

h and 7

hov=wlv, T-v=w v where v € Lg ; and w = e2™/3

13We denote by %(a, b,c) the matrix Diag(e®, €%, €%) with ¢, a non-trivial R-th root of unity.
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Va In the three-dimensional representation, one has

Vo 10 0 Vo Vo 001 Vo
h-lvi|=10w* 0 vi| and7- vy | =1100 U1
Vo 00 w () ) 010 Vo

for a = 1,2. Note that when a = 0, the above representation is reducible to a direct
sum, @?:Oﬁl,j, of one-dimensional representations.

The chiral superfields (®1, @2, ®3) are in the representation V; while their anti-chiral
partners transform in the representation V5. We will choose our chiral primaries to be
in one of these representations. Since the interactions in the Leigh-Strassler theory are
invariant under A(27), it follows that chiral operators in distinct representations of A(27)

cannot mix. However, operators in the same representation can and do mix.

B.1 Polynomials as irreps of A(27)

On taking the commutative limit, all our chiral primary operators reduce to polynomials
in three variables, (21, 22, 23), where we replaced the matrices Z; by scalars z; (using the
lower-case to indicate the replacement). First, the triplet (21, 22,23)7 transforms in the
representation, Vj. Second, we can organise the polynomials by degree — the degree is the
(naive) scaling dimension of the corresponding operator which we denote by Ag. Thirdly,
Ay mod 3, is the Zgz charge of the polynomial under the centre of the group (which is
generated by g defined above).

Polynomials in these variables of a given degree, Ay, can be further organised into
irreducible representations of A(27). The precise representation is decided by the value of
Ao mod 3. One has the following result:

e [Ag = 0 mod 3] All polynomials can be organised in one-dimensional representations
of A(27, i.e., Lo, ;. For example, when A¢ = 3 the polynomials (25 4+ w’z5 +w?23) €
Lo,; and z12223 € Lo,0. In particular, there is no polynomial whose degree is 0 mod
3 that is in the representation V; or Vs.

e [Ap # 0 mod 3] All polynomials must necessarily arise in one of the the three-
dimensional representations. In fact, defining ¢ = Ag mod 3 with ¢ = 1 or 2,
the polynomials must be in the three-dimensional representation V,. For example,
consider the F-term equations (dWW = 0) which are of degree two. A straightforward
analysis shows that the three equations are in the representation V.

The proof of the above statements goes as follows. Note that the generator g can be
realised in terms of h and 7 as hr~'h?7. Using this, notice that for a vector v € L j
g-v = w3y = v. Thus, the Z3 charge associated with g is zero implying that the U(1)r
charge is zero modulo three. Similarly, for a triplet v € V,, g - ¥ = w® ¥ implying that the
U(1)g charge is a modulo three.

This leads to the following conclusion: All chiral primaries with Ag = 0 mod 3 must
be in any one of the one-dimensional representations of A(27) while those where Ay = a
mod 3 must arise in the three dimensional representation V,.
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C. Integrals

We evaluate dimensionally regulated momentum integrals, with D = 4 — 2¢, using the

Feynman parametrisation

/ dei 1 . 1 /ld /ld 5(1 ) a1—1 as—1
@m)P (&) (p%)*  Blan,as] Jo " Jo Y S

></‘de ! (1)

(2m)P (xk? + yp?)orto2

= é/l dxa:o‘l_l(l—x)o‘?_lx/ a7k !
~ Blo,a9] Jy 2m)P (zk2+(1—z)p?)crtas

where Blag, as] is the beta-function.
The Fourier transform to position space is done using the following integral.

dPp err IR
/(27T)D ) 4e Wgr[s](xg)g_s (C.2)

Momentum integral (i).

dPk 1 1 dPk 1
/ 2m)P k2(k —p)? /0 dx/ (2m)P ((k — pz)? 4+ p2x(1 - w))Q

L T(e)z=¢(1— )~ _ T(e)B[1—¢€,1—¢
/0 o (4m)2=ep? (4rr)2—ep2e (C.3)

Using the formula ([C.J) above we obtain the integral in eq. (B.9) in position space as

d°p . 1 T2 — 3¢
| G G = P v e e

The integral in eq. (B.J) gives

L(e)B[l —€,1—¢]\? I[2 — 3¢
(i) mr (o ()

We expand this in powers of € and obtain the answer in eq. (B.5).

Momentum integral (ii). The integral in eq. (B-1])) using Feynman parametrisation

dPp 1 B 1 ! N 1
/ (2m)P (p - ¢)*(p*)'*< B[l 1+ /o ! / (2m)7 <:c(p— q)? +:cp2)2+6

B 1 . —2e P[QE]
= /O dr x (q29€(1 - ”U)) (4m)2=¢ B[1,1+ €]T'[2 + €]
T'[2¢] B[l — 2¢,1 — ¢]

= (47)2=€ B[1,1 + €|T[2 + €] (¢?) % (C.6)

Again taking the Fourier transform of the above expression we get the expression in

eq. (B.11).

,25,



Figure 5: Gluon exchange

Gluon exchange contribution to anomalous dimensions. The contribution from
interaction terms ig Tr(8,Z;[A*, Z;]) and ig Tr(8,Z;[A*, Z;]) to the anomalous dimension
of the operator O is computed here. There are different contractions giving two distinct
momentum integrals. The diagram in figure f| can be evaluated when Case(1): Both the
interaction vertices involve 9,Z (or 9,7 ), Case(2): When one vertex involves 9,Z and
the other (9#2 . We work out both the cases below.

Case(1) : From figure [] given here we write down the Feynman integral for this case.
dPkdPq k- (k-
(2m)2P k2 (k — q)*(k — p)*q*(q — p)?

Considering only the part which is divergent we get,

// dPkdPq 1
2m)?P (k — q)*(k — p)*q*(q — p)?

We consider the k-integration first. Take k' = k — p. After dimensionally regulating

and using Feynman parametrisation

aPk' 1 de:’ 1
= dz
/ @2m)P k(K — q + p)? / / —(g—p)x)2+ (¢ —p)z(l — x)>2

= Ll 1 xr (1—x)" ¢
= TRl PPy /0 der ()
~ T[e]B[1—¢,1—¢
BCEITENE 9
Doing the g-integration in the same way,
F[E]B[l—e,l—e]/ dPq 1 _ Tle]B[1 —¢,1—¢] 1
(4m)F= (2m)P qg((q_p)Q)Hf B (47)2—¢ B[1,1+¢]
! dPq 1
x [ dyy¢
/0 yy/(QW)D ((g—yp)2+p2y(1—y)) "

_ Te]B[1—¢,1—¢] ['[2¢]
B (4m)%= (4m)%<B[1, 14+-€]T'[2+¢€|(p?)2e

1
></0 dy y “(1—y) >

_ Tle]B1—¢,1—¢] I'[2¢] B[1—¢,1—2¢]
BT (s
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L e
e

Figure 6: One loop corrections to the scalar propagator

Again using formula ([C.2) we Fourier transform and expand in powers of € to obtain

m <1 + 2+ 3y + 3log() + 3log(]x\2)> (C.10)
Case(2) :
dPkd®q k- (q—p)
// 2m)2D 12(k — q)2(k — p)2¢2(q — p)? (C.11)

The divergent part of this is

//dequ k-q
(2m)2P k2(k — q)*(k — p)?¢*(q — p)?

// dPkdPq K+ ¢ — (k—q)?
2m)?P k2 (k — q)*(k — p)*¢*(q — p)?

// de:dD [ 1 N 1
2m)2P | (k — q)%(k — p)%¢*(¢ —p)?  k2(k — q)%(k — p)*(q — p)?

~ 1 ]
k2(k —q)%q*(q — p)?

dPkdPq 1 1 c12
// 2m)2D [ —q)2(k —p)2¢*(¢ —p)> 2k%(k —q)2¢*(q — p)? (C12)

The two integrals in the final expression above are already evaluated.

(F[E]B[l —¢,1 —€¢|I'[2¢] B[1 — €, 1 — 2¢] B 1 — €]P2[6]> 1
I'[1 + € 2 T2[2 — 2¢] ) (4m)4—2¢(p2)2e

(C.13)

Fourier transforming to position space using formula (C.2) and expanding in powers
of €, we get the value of the above integral to be W. Hence there is no contribution
from this integral to the anomalous dimension.

D. One loop correction to scalar propagator

The diagrams in figure fj are the one-loop contributions to the two point function (Z; 7).
The dashed lines are the fermionic propagators and the wiggly lines are gauge boson prop-
agators. Gauge boson interactions are calculated in Landau gauge.
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Contribution from scalar tadpole due to interaction term —%tr([Zi, Z11Z;, Z;])

2

_‘g_.. bre _ peb crpa __anc D#__2. arpb D#
. 2tr<(TT TeT?)(T°T TT))/d ke = <Ntr(TT)>/d T
1
o 2 arb D
=—g NtT‘(TT)/d km
(D.1)

where p,, is the external momentum and D = 4 — 2e.
Contribution from scalar tadpole due to interaction terms in V¢ (2)
1
4[1}42 tr<(quTC—chTb)(qT“TC—chCT“)) —i—!h'lztr(TbTCTd)(TdTCTb)} x / ks
pR"p
1

_ 212 b D

= —4(|h| +|h| /2)NtT'(TaT )/d k W (D2)
Contribution from Yukawa interaction vertices iv/2g tr(v;[Z;, ] + ¢i[Z;, A]).

The contribution from this interaction
otkyo”(p— k),
2p%k2(p — k)*p?

—(ivV2)2g*tr (T°T T~ T°TT ) tr (T°T° T4 — T°TT?) / d"k
k-p—k?

p*k*(p — k)*p?

Here we also use the identity tr(c*k,0"p,) = 2k - p

Contribution from Yukawa interaction vertices —ih tr (1/13 [Z1, wQ]q) —ih' Z11n —i—c.c.)

= —4¢% Ntr(T°T?) / dPk (D.3)

| = OBt (T T T = T T T?) T (T T T~ qT T T®) |1 Pex (T TT?) (T'T°T") |

Fhuo”(p — k),
deO- M D4
* / p*k2(p — k)?p? (D-4)

= —4(|n)? +|W|?/2) Ntr(T°T") /de

E-p—k?
Contribution from scalar-gluon interaction terms ig tr(9,Z;[4,,2;])
’L'g tr(@uZi[Au, Zz])
2

2(i)2g? tr(TPTT — TPTT®) tr(T°T°T* — T*TT) / de[?zﬂ 5 (5 - k)QPQ}

EAY)
+2(i)2¢? tr(T9T°T — TOTT°) tr(TT°T® — TTT°) / d’k [2])2]{55 (p i€)1€)2192]

P -p-k }
2p2k%(p — k)?p?

(D.5)

+4 (i)?g*tr (T'T°T — TT°T°) - tx (T°T°T* — T°T7T°) / de;[

1 1
WP PRk = p)2p2}

= 2¢*Ntr(T°T") / de[

Contribution from gluon tadpole due to interaction term —g?tr([A,, Z;][A,, Z;])

1
p2k2p2
(D.6)

c c cra arc 9 ng/ a
—g? e ((T°T~TT%)(T°T" - T°T*) /dep‘;kaQ = —4¢°Ntr(T Tb)/de
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Summing the contributions from each diagram, we see that quadratic divergences cancel.
The one-loop correction to (ZﬂZf) is given as

1
—(2N) tx(T°T") - (|h)? + |1 /2 /dei D.7
(2N) tr( ) (‘ * + ’/) K2(p — k)2p2 (D.7)
Fourier transforming we get
= —N -tr(T°T%) - (|h* + |W[/2) (Yi22 + Yi12) (D.8)
where Yy, = [d'z (z—xi)2(z—i«j)2(x—zk)2‘ In the large N limit we have |h|?> + |h/|2/2 = ¢°.

Hence we should get back the one-loop correction in A = 4 theory. From eq. (D.7) above,
we get,

2N - ¢* tr(T“Tb) . (Y122 + Y112) (D.9)
This expression is similar in structure with the one obtained in [BJ].
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